A radiative transfer equation is used to model the diffuse multiple scattering of ultrasound in a medium containing discrete random scatterers. An assumption of uncorrelated phases allows one to write an equation of energy balance for the diffuse intensity. This ultrasonic radiative transfer equation contains single-scattering and propagation parameters that are calculated using the elastic wave equation. Polarization effects are included through the introduction of an elastodynamic Stokes vector which contains a longitudinal Stokes parameter and four shear Stokes parameters similar to the four Stokes parameters used in optical radiative transfer theory. The theory is applied to a statistically homogeneous, isotropic elastic half-space containing randomly distributed spherical voids illuminated by a harmonic plane wave. Results on the angular dependence of backscattered intensity are presented. It is anticipated that this approach may be applicable to materials characterization through the study of the time, space, ultrasonic frequency, and angular dependence of diffusely scattered ultrasound in elastic media with microstructure.
INTRODUCTION
The parameter range between these two limits of single and multiple scattering is, though, of great importance. The singly scattered field is sometimes difficult to access experimentally in media with strong scattering. The multiply scattered field is, additionally, sensitive to scattering amplitudes in arbitrary directions, and to absorption as well as to scattering •8'2ø and therefore contains information not available in the singly scattered field. The few existent attempts to create theories which bridge the gap between these two limits are, to date, limited to rather ad-hoc efforts to model the twice scattered field. 2ø In this communication, we present a description of the diffuse ultrasonic field throughout the entire parameter range from single scattering to the diffusion limit. The approach is based upon the concepts from radiative transfer theory first developed for the treatment of multiply scattered electromagnetic radiation in stellar and planetary atmospheres? -23 In the following section we develop the ultrasonic radiative transfer equation (URTE) after an introduction of concepts relevant to its derivation. In Sec. II we discuss the derivation of the single scattering parameters needed in the URTE for the case of spherical scatterers in an elastic medium. In Sec. III we discuss the solution of the URTE and finally present sample results in Sec. IV.
I. RADIATIVE TRANSFER THEORY
When the time and/or length scales in an experiment become long compared with the time and length scales between successive random scatterings of a wave, the modeler must account for multiple scattering of the wave. Radiative transfer theory is an approximate method for the modeling of that multiple scattering. It is based upon an assumption that randomly scattered waves have uncorrelated random phases. The superposition of such waves therefore may be effected incoherently, leading to a description of the wave field, not in terms of field quantities such as stress or material displacement, but in terms of the average intensities. As such it of course cannot be a complete description of the disturbance. One may hope that it is an accurate description, however, of ensemble averaged energy densities?
The radiative transfer equation (RTE) may be derived in either of two ways. The simpler phenomenological method relies upon considerations of energy balance in representative volume elements consisting of several scatterers. In this approach, the wave equation itself is used only for the determination of propagation speeds and for the determination of the properties of the single scattering events which constitute the multiple scattering process.
One may also derive RTE's directly from the wave equation by consideration of the ensemble average of the covari-time, and per solid angle df• so that the energy emergent from this volume in the J direction is I(s, ')ds dt df•. The energy a distance ds away, moving at spe•'.d c also in the J direction at a time dt--ds/c later w ll be I(s+ds,t + dt)da dt dfL The difference in energy can be attributed to a loss caused by absorption and scatterin; g, and an increase caused by emissions into the direction of )ropagation from other scattering events or from sources wi :hin the medium. This energy balance is written,
[(s+ds,t+dt)da dt df•-l(s,t)da dt df• = -rlo'l(s,t)da ds dt df•+ rle(s,t)da ds dt d•, (1)
where o'= eq-s: is the total extinction cross section per scatterer, • is the absorption cross section per scatterer, t• is the scattering cross section per scatterer, and e(s,t) is the emission coefficient per scatterer. The absorption cross section may include absorption within the scatterer as well as dissipation within the medium (which is zero for most applications with electromagnetic waves). The emission coefficient may include emissions from scattering events and primary sources. Equation ( 
which shows that the quantity r/a/2 may be identified with conventional ultrasonic attenuation. In three dimensions, the One special case of the scalar R•, used to model many types of atmospheres, is that of a steady-state, plane-par•lel medium shown in Fig. 2 . The intensity is assumed to be independent of the position coordinates x and y, as well as time, but not independent, in general, of propagation direc- We consider a time-harmonic wave (e iøst) traveling in 
F. Integrated intensity and conservation of energy
The scattering cross sections must be in some sense integrals of the angular scattering distribution, __P, over all outgoing angles. This relation is derived using conservation of energy. We define the integrated intensity / as the integral of the Stokes vector over all solid angles and space,
From this, the time-dependent total energy is E(t) = _eT_/(t),
where the vector e x is given by 
where g(r) represents the source function. Equation ( 
we obtain an eigenvalue problem for the ruth Fourier component,
Once the i0N distinct eigensolutions, hmn and gmn (n = 1,2,3,..., 1 ON) (87)] of the scattering functions was frequency dependent, being increased until convergence was attained.
To show that the model describes the full multiple scattering range, the approach to the diffusion limit deep within the medium also is presented. In this limit the field becomes very nearly isotropic and, due to equipartitioning of energy, the relationship between the intensity components should 
where Pi/,o is given in Eq. (120).
Polar plots can be made for the diffuse intensity in this case also. The depth-dependent nature of the intensity is seen in Fig. 15 , drawn at the same scale as Fig. 8 . The approach to the diffusion limit is also seen for this case. Again the lowfrequency case has the expected backscatter dominance and the high-frequency case the forward scatter dominance. The lobed nature of the scattering for the shear-shear modes is apparent for the higher frequency. Also a much smaller backscattered longitudinal intensity is seen for this type of incident field. The ultrasonic radiative transfer equation governs the longitudinal and both transverse diffuse int msities over the entire multiple scattering regime from single scattering to the diffusion limit. It thus contains materials information unavailable to previous single scattering the.ties. Therefore, this approach is expected to have much wider applicability to materials characterization of random media and increase our understanding of the ultrasonic multiple scattering process.
Experimental corroboration of this theory is a next logical step. Current experimental work with diffuse intensity, used to corroborate single scattering theories, is usually conducted at normal incidence in a water bath in either the time or frequency domain. One can envision similar experiments within the context of the present theory. Comparisons with such experiments will require solutions of the present equations in more complicated geometries. One particularly notes the importance of modeling liquid-solid interface effects and obtaining solutions in the time domain. Such extensions are not likely to be difficult.
Ultrasonic radiative transfer theory has potential applications in a variety of materials characterization problems including ones in polycrystalline metals, concrete, geophysical media, composite materials, and other random media where scattering effects are important.
